Introduction
Walker manifolds are of special interest in an increasing number of works in mathematical physics [8, [11] [12] [13] 26] , particularly in general relativity [10] .
A Walker manifold is a semi-Riemannian n-dimensional manifold (i.e. a manifold endowed with a nondegenerate symmetric (0, 2)-tensor field of arbitrary signature [28] ) with an r -dimensional lightlike distribution (see [17] ), which is parallel w. r. t. the Levi-Civita connection. Constituting the background of several specific semi-Riemannian structures, these manifolds are involved in many physical contexts and they are useful for furnishing various interesting examples. Since the para-Kähler and hypersymplectic metrics are necessarily of Walker type, in the monograph [11] , Walker metrics are considered in connection with almost para-Hermitian structures, for whose classification from the earlier period we quote [5] (see also [1, 16] and the references therein). Dimension 4 is of special interest, first of all since this is the minimal dimension for the existence of a nontrivial almost para-Hermitian structure. Any 4-dimensional Walker manifold of nowhere zero scalar curvature has a natural almost para-Hermitian structure (see [11] ). A second motivation for paying attention to 4-dimensional spaces comes from a physical point of view, related to classical mechanics.
At the beginning of the present paper we characterize the almost Hermitian, almost semi-Riemannian product, almost para-Hermitian, and almost anti-Hermitian structures on 4-dimensional Walker manifolds.
Our work is mainly devoted to harmonicity. The developments in harmonic map theory over the past decades have revealed that its methods and instruments were taken from a large spectrum of mathematicalLet W be a 4-dimensional Walker manifold, with the lightlike distribution D of maximum dimension (r =2). Then the metric q is neither Riemannian nor Lorentz, but neutral (i.e. the positive and negative indices of inertia are equal; hence, in this case, the signature is (2, 2) ). From [35] , around any point of W there exist adapted local coordinates systems (x, y, z, t) w. r. t. which the matrix of q has the following expression:
where O and I denote respectively the 2-dimensional null and identity matrices, and S = ( a c c b
) is a symmetric matrix, having the entries a, b, c as smooth functions of (x, y, z, t).
For the almost standard geometric objects of a 4 -dimensional Walker manifold, see [23] .
In the adapted local coordinates (x, y, z, t) on the Walker space (W, q) , the corresponding local frame of
The inverse of the matrix Q (from (2.1)) in the adapted local coordinates is
The Christoffel symbols Γ k ij , i, j, k = 1, 4 of the Levi-Civita connection of a Walker metric (2.1), obtained in [14] , can be expressed by the following matrices:
where (Γ k ij ) i,j,k=1,4 are the entries of Γ k .
As it was pointed out in [12] , an orthonormal basis for a Walker metric (2.1), involving canonical coordinates, is: 
where Id is the identity endomorphism of T M and ε, ε
) is called an almost Hermitian structure with indefinite metric [4, 9] , almost para-Hermitian structure (note that g has to be neutral; see [5, 6, 16] and the references therein), almost semi-Riemannian product structure [27] , or almost anti-Hermitian structure (i.e. almost complex structure of Norden type) [15, 25] , provided the pair
By a straightforward calculation we obtain: 
where both J3 and J2 + SJ4 are skew-symmetric. [26] , which has the form 
In a similar way as in Lemma 3.2, we obtain: 
are satisfied, where both F 3 and F 2 + SF 4 are skew-symmetric.
iii) almost complex structure of Norden type if and only if F satisfies (3.3 a, c) and
where both F 3 and F 2 + SF 4 are symmetric.
We recall that an almost paracomplex structure is an almost product structure whose eigenvalues ±1 have the same multiplicity (see [5, 6] ).
Corresponding to the almost complex structure (3.1) considered in [26] , we construct now, in the context of almost paracomplex structures, the following: 
Example 3.5 On a 4 -dimensional Walker manifold, the structure defined w. r. t. the orthonormal basis
where
Proof From relations (2.3) and (2.2) we obtain
Based on a straightforward calculation, by using relations (2.3), (2.2), and
we complete the proof. 2
By adapting to the context of Walker manifolds the notion introduced by García-Río et al. in [21] , we give the following definition, which we use later on:
Definition 3.7 A (1, 1) -tensor field F on a Walker manifold (W, q, D) is called harmonic if its induced map
For the harmonicity of (1, 1)-tensor fields on semi-Riemannian manifolds, w. r. t. general natural metrics, see [7] .
The characterization of the above notion, given in [21] , can be expressed on a Walker manifold as follows:
Theorem 3.8 An endomorphism field F on a Walker manifold (W, q, D) is harmonic if it is divergence-free, that is, if its codifferential w. r. t. the Levi-Civita connection of q vanishes (i.e. δF = 0 ).
We apply Theorem 3.8 to obtain the following: Proof The codifferential of J w. r. t. the Walker metric q (independent on the basis chosen) can be computed by using (2.3) and (3.5), as follows: 
The above calculus was done by applying (3.2), Lemma 3.6, (3.6), and (2.2) as well. It follows that δJ = 0 if and only if
Since (3.7) is equivalent to the fact that J is almost Kähler [26, Theorem 2] (cf. [12] ), the proposition is proved. 2
Harmonic functions on Walker 4-manifolds
A harmonic local C 2 -function on a Walker 4-manifold (W, q) has to satisfy the Laplace equation w. r. t. the Walker metric q :
where ε i , i = 1, 4 are given by (3.5) and {e i } i=1,4 is an arbitrary orthonormal basis with respect to q .
In the sequel, on a Walker manifold we denote by h x , h y , h z , h t the partial derivatives of any smooth function h(x, y, z, t) with respect to x, y, z, t , and similarly for the second-order partial derivatives.
and for any point p ∈ U , let (V, x, y, z, t) be an arbitrary adapted local chart around p . Then the following assertions are equivalent:
y, z, t) such that f satisfies the following PDE system:
U such that f satisfies the system of implicit equations:
Proof After a straightforward computation we obtain
and similarly for e 3 (e 3 f ) and e 4 (e 4 f ), where we take into account the relations (3.6).
From Lemma 3.6 and (4.1) we obtain: 
where P (resp. T ) is an arbitrary C 2 -function depending on three variables (resp. on z and t only).
Proof The assertion a) follows directly from (4.3). Concerning b), we have
which by integration completes the proof. 2
Harmonic morphisms on Walker 4-spaces
Extended from the Riemannian case to the semi-Riemannian one, we recall the following notions for which we refer to the monograph [3] : 
where {X i } is an arbitrary local frame on M .
ii) The energy (integral) of φ over any compact domain D of M is the real number
where v g is the volume measure associated to g .
iii) φ is called harmonic if it is an extremal of the energy functionals E(·, D) for all compact domains
iv) The tension field τ (φ) is given by:
where ∇ φ −1 T N dφ is called the second fundamental form of φ , defined by:
with ∇ M and ∇ N respectively denoting the Levi-Civita connections on (M, g) and (N, h) . v) φ is horizontally weakly conformal at p ∈ M if there is a real number
Λ(x) (called square dilation), such that g(d p φ * (u), d p φ * (v)) = Λ(p)h(u, v), ∀u, v ∈ T φ(p) N.
Moreover, φ is called horizontally weakly conformal (on M ) if it is horizontally weakly conformal at every point
p ∈ M .
Remark. Despite the Riemannian case, where E(φ; D) ≥ 0 , and the equality holding if and only if φ is constant, in the semi-Riemannian case, we may have E(φ; D)
≤ 0 and we also may have nonconstant maps whose energy is vanishing.
Note that in the Riemannian case the square dilation (given in [18] ) is positive, but this is no longer true for the semi-Riemannian case (defined in [20] ).
We recall from [20] the following characterization: 
The result of Eells and Sampson [19] given in the Riemannian case extends to the semi-Riemannian one, as follows:
h) between semi-Riemannian manifolds is harmonic if and only if
that is, the following Euler-Lagrange system is satisfied: The main notion that we deal with in Section 6 is the following:
Definition 5.4 [20] A C 2 -map φ : (M, g) → (N, h) between semi-Riemannian manifolds is a harmonic morphism if for any harmonic function f defined on an open set V of N , with φ −1 (V ) nonempty, the pull-back
As in the Riemannian case we recall the following characterization result:
Theorem 5.5 [20] A C 2 -map between semi-Riemannian manifolds is a harmonic morphism if and only if it
is harmonic and horizontally weakly conformal. 
Quadratic maps on Walker spaces
By a quadratic map, we mean a homogeneous polynomial of degree 2.
The n-dimensional semi-Euclidean space (R n r , h) of index r carries the metric h given by the matrix (h αβ ) α,β=1,n , with h αβ = ε α δ αβ , where
We extend here the notion of quadratic map from the context of Euclidean spaces (see [2, 3, 30, 31] ) and semi-Euclidean spaces (see [24] and the references therein) to the following: 
h) from a 4-dimensional Walker space to the ndimensional semi-Euclidean space of index r , we mean a homogeneous polynomial of degree 2 given by
for α = 1, n , where Notation 6.2 is used, (K α ) x and (K α ) y denote the partial derivatives of K α (x, y, z, t) w. r. t. x and y , and the real matrices A α , α = 1, n are not necessarily symmetric.
Proof The map φ given by (6.1) is harmonic if and only if for any α = 1, n , the component function φ α given by φ α (X) = XA α X t is harmonic, that is, ∆φ α = 0. By applying Theorem 4.1 we obtain that φ is harmonic if and only if for each α = 1, n there exists a C 1 -function H α such that:
By computing the partial derivatives of φ α , α = 1, n, we obtain:
We proceed in a similar way to compute φ Our aim now is to characterize in the context of Walker manifolds those quadratic maps that are horizontally weakly conformal. 
Proof By a straightforward computation, (5.1) yields
where we use the notation L :
Then (5.1) can be rewritten as: 6) which is equivalent to the identities of quadratic forms (6.4) and (6.5). 
Proof We use here Proposition 6.4. From (6.4), by taking into account that the matrix
is symmetric and that Q has constant entries, we obtain (6.7). By applying (6.5), the symmetry of quadratic forms, and the constancy of Q , we obtain (6.8), which completes the proof. 10) where α, β = 1, n, and the matrices A α , α = 1, n are not necessarily symmetric. 
where the matrices A α , α = 1, n are not necessarily symmetric.
The proof comes directly from Definition 5.6, and the relation
where p is an arbitrary point in R 4 , whose coordinates are denoted by X = (x, y, z, t) .
As a consequence of Theorems 5.5 and 5.7, Propositions 6.3 and 6.6, and the assertion (**) from Lemma 6.7, we obtain the following: (ii) φ is a harmonic morphism provided that n = 4 , one has (**), and the relation
(with constant square dilation Λ ) holds.
The results on harmonic maps and morphisms given by quadratic maps between semi-Euclidean spaces obtained by Lu in [24] are extended on Walker manifolds by the last above statements.
Quadratic maps between Walker manifolds
In this section we go further, by extending the notion of quadratic map with values in a semi-Euclidean space from Definition 6.1 to the following: We use throughout this section all the notations given in the above definition.
Lemma 7.2
The Euler-Lagrange system of the quadratic map ψ : V ⊆ (W, q) → (N, h) given by (7.1) can be written as Proof Since ψ(X) has the expression (7.1), the first term in (5.3) becomes
We use the expressions of Γ k , k = 1, 4, from Section 3 and similar to the relation (6.3), we have
From the sum of the four equalities in (7.4), the expression of the second term in (5.3) becomes:
The last term in (5.3) can be written in the form
Taking into account (7.3), (7.5), and (7.6) it follows that the Euler-Lagrange system corresponding to ψ takes the form (7.2), and thus the lemma is proved. where S = (s αβ ) α,β=1,2 is symmetric.
From Proposition 5.2, we obtain the following characterization, which can be proved in a similar way as Proposition 6.4. N, h) given by (7.1) are constant and the almost paracomplex structure F given by (3.4) is harmonic. Then ψ is a harmonic morphism if and only if the relations (7.7) and (7.9)-(7.11) are verified.
